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Abstract
In this paper, we investigate the entanglement entropy of the rotating BTZ black hole
perturbed by a massive back-reacting free falling particle. Then, mutual information between
two finite intervals in two asymptotic regions of rotating BTZ is derived. It allows us to find
the scrambling time, the time scale in which mutual information vanishes. We give a dual
large c CFT description in terms of a thermofield double state with different temperatures
for left and right moving modes that is perturbed by a local operator. Exact matching
between gravity and CFT results is obtained.
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1 Introduction
The behaviour of perturbed quantum thermal systems has been an active research area
recently, in particular in the context of AdS/CFT correspondence [1]. Entanglement en-
tropy [2], which is a measure quantifying how entangled two subsystems of a quantum
system are, is a useful tool for studying the behaviour of quantum field theories. It is
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particularly useful in AdS/CFT correspondence where entanglement entropy has a simple
geometric interpretation of Ryu-Takayanagi surface [3, 4].
Over the last few years a lot of work has been done in investigating entanglement entropy
and scrambling in perturbed systems [5–17] both in the CFT context and in holography.
Many of these papers investigate the chaotic behaviour of perturbed thermal system with
the help of out of order (OTO) correlators of the form 〈V (0)W (t)V (0)W (t)〉 [12]. Holo-
graphically they are modelled by shock wave geometries introduced in [6] where BTZ black
hole is perturbed at time −tω in the past with the in-falling null spherical shell, hence cre-
ating a discontinuity in the metric. The scrambling time if found by computing the smallest
time tω such that mutual information between two subsystems IA:B = SA + SB − SA∪B
vanishes. Note that mutual information gives an upper bound on the correlators [18]
IA:B ≥ (〈OAOB〉 − 〈OA〉 〈OB〉)
2
2‖OA‖2‖OB‖2 . (1.1)
Therefore, the time scale in which mutual information becomes zero can be used to estimate
when the two subsystems become uncorrelated. This approach is particularly useful in
two dimensions where problem of calculating entanglement entropy is more analytically
tractable. However, in some cases it is still possible to obtain results in higher dimensional
cases. For example, back-reaction caused by shock-wave in rotating Kerr-Newman solution
was found in [17].
In our previous paper [14] the scrambling time was computed in two dimensional large c
CFT in thermofield double (TFD) state. We also computed the same quantities for the dual
holographic system which is described by static BTZ black hole. We found exact matching
between the bulk and boundary theories.
In this paper we will generalize the results of [14] to the rotating BTZ black hole. In
section 2 we will consider a CFT in the TFD state with different temperatures for holo-
morphic and antiholomorphic modes which is the AdS/CFT dual of the rotating BTZ black
hole. Then we perturb the CFT with a primary operator. The CFT part of the calculation
is a reasonably straightforward generalization of the previous work but we try to keep it
self-contained. The holographic dual of this system is a free falling massive1 particle in the
rotating BTZ black hole which we discuss in section 3. We will use the fact that the BTZ
black hole geometry locally looks like anti de-Sitter space to find the back-reacted geometry.
Both in the field theory and gravitational calculations we find that the scrambling time
is
t?ω = y +
L
2
− β+
2pi
log
(
β+
pi
sinpiαψ
αψ
)
+
β+
2pi
log
(
4 sinh
piL
β+
sinh
piL
β−
)
, (1.2)
where αψ carries information about the conformal dimension of perturbation (mass of the
particle) and  is a UV cut-off for the energy of local excitation2, y is the distance from the
point of perturbation to the region of entanglement and L is its size.
2 CFT results
Let β± be the inverse temperatures of the CFTs (or inverse temperatures of inner and outer
horizons in the gravitational theory),
1By massive we mean its mass is significant enough to cause back-reaction on the geometry.
2 should not be confused with UV cut-off for the field theory UV which is much smaller. Similarly in the
gravitational theory one is initial position of the massive particle while the other becomes cut-off location for
entanglement surface.
2
2.1 Thermofield Double State
Consider two 2d CFTs with Hamiltonian H and momentum P on Hilbert spaces HL and
HR. We can then construct an entangled thermofield double state on HL ⊗HR [19–23]
|Ψβ〉 = 1√Z(β−, β+)
∑
n
exp (−β+E+,n/2− β−E−,n/2) |n〉L|n〉R (2.1)
where |n〉L and |n〉R are simultaneous eigenstates of operators HL,R = H±P2 with eigenvalues
E±,n and β± can be interpreted as the inverse temperatures of right and left moving modes.
In the equation above Z(β−, β+) is the grand canonical partition function
Z(β−, β+) = tr exp (−β+HL − β−HR) . (2.2)
2.2 Setup
Mutual information in the perturbed TFD state was discussed in [20,21,24]. In this section
we will generalize the formalism developed in [14] where perturbed TFD state was dual to
the non-rotating eternal BTZ black hole. In this paper we will look at the rotating but not
extremal BTZ black hole and its CFT dual, so β+ and β− no longer have to be equal.
We define regions A and B to be intervals [y, y + L] on the left and right boundaries
respectively. Then mutual information is given by
IA:B = SA + SB − SA∪B . (2.3)
As in [14] we consider TFD state excited with a primary operator ψ(0,−tω) in the CFTL
at time −tω in the past. In order to calculate density matrix, we will have two copies of ψ
inserted at the same point. This can be avoided by spreading out perturbation on a scale 
which we choose to be much larger than ultraviolet cut-off UV. Then time-evolved
3 reduced
density matrix is
ρL(t−) = N e−iHLt−e−HLψ(0,−tω)e2HL+β+HLψ†(0,−tω)e−HLeiHLt− . (2.4)
Density matrix can be expressed in a simpler form using the Euclidean time and complex
coordinates
ρL(x1, x¯1, x4, x¯4) = Nψ(x2, x¯2)eβ+HLψ†(x1, x¯1), (2.5)
where operator insertion points are
x1 = −i, x4 = i,
x¯1 = i, x¯4 = −i.
B
y y + LAψ
ψ 0σn
σnσ˜n
σ˜n
β+
2
−tω
τ
x
Figure 1: Entanglement regions and operator insertion points on the thermal cylinder.
3We will use t− and t+ to denote time coordinates in CFTL and CFTR respectively.
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To calculate Re´nyi entropy we use twist operators that glue different copies of the cylinder
to compute entanglement entropy on non-replicated manifold [25,26]
tr ρnA(t) =
〈Ψ(x1, x¯1)σn(x2, x¯2)σ˜n(x3, x¯3)Ψ†(x4, x¯4)〉Cn(〈ψ(x1, x¯1)ψ†(x4, x¯4)〉C1)n , (2.6)
where Ψ = ψ1 · ψ2 · · ·ψn is the product of local perturbation operators in each copy of the
cylinder. Let hψ be the conformal dimension of original perturbation ψ, so the conformal
dimension of Ψ is hΨ = nhψ. Operator insertion points are
x1 = −i, x2 = y − tω − t−, x3 = y + L− tω − t−, x4 = i,
x¯1 = i, x¯2 = y + tω + t−, x¯3 = y + L+ tω + t−, x¯4 = −i,
(2.7)
and the conformal dimension of twist operators is [25–27]
∆σ = 2Hσ =
c
24
(
n− 1
n
)
. (2.8)
2.3 Entanglement Entropy
2.3.1 Left boundary
We will calculate correlators using the same method as in [14]. However, instead of single
exponential map exp(2pix/β) we will use different maps for holomorphic and antiholomorphic
components
w(x) = e
2pi
β+
x
,
w¯(x¯) = e
2pi
β− x¯.
(2.9)
Then the two point function is given by
〈ψ(x1, x¯1)ψ(x4, x¯4)〉C1 =
∣∣∣∣β+β−pi2 sinh
(
pix14
β+
)
sinh
(
pix¯14
β−
)∣∣∣∣−2hψ . (2.10)
To calculate 4-point function we combine exponential maps with a Mo¨bius map
z(w) =
(w1 − w)w34
w13(w − w4) , (2.11)
to send insertion points to the standard set of points w1 7→ 0, w2 7→ z, w3 7→ 1, w4 7→ ∞ and
we define wij = wi − wj and cross ratios are as usual
z =
w12w34
w13w24
, 1− z = w14w23
w13w24
. (2.12)
This allows us to express the trace of the density matrix in terms of the canonical 4-pt
function G(z, z¯)
tr ρnA(t) =
∣∣∣∣ β+β−pi22UV sinh
(
pix23
β+
)
sinh
(
pix¯23
β−
)∣∣∣∣−2Hσ |1− z|4Hσ G(z, z¯), (2.13)
where
G(z, z¯) ≡ lim
z4→∞
|z4|4hΨ 〈ψ(z4, z¯4)σn(z, z¯)σ˜n(1, 1)ψ(0, 0)〉
≡ 〈ψ|σn(z, z¯)σ˜n(1, 1)|ψ〉 (2.14)
The Re´nyi entropies are then given by
S
(n)
A =
c(n+ 1)
12
log
[
β+β−
pi22UV
sinh
(
piL
β+
)
sinh
(
piL
β−
)]
+
1
n− 1 log
[
|1−z|4HσG(z, z¯)
]
. (2.15)
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In the n → 1 limit the first term agrees with the well known formula for the entanglement
entropy of rotating BTZ black hole [22] which we will call Sthermal. We denote
SA = Sthermal + ∆SA. (2.16)
The calculation of G(z, z¯) proceeds as in the non-rotating BTZ case but with different
cross ratios z and z¯. We consider CFT in large c limit. Then in the n→ 1 limit conformal
dimension of twist operators (2.8) goes to 0. In this regime G(z, z¯) does not depend on the
details of the CFT and is universal. Such correlators with two heavy and two light operators
were studied in [28–30]. They obtained that
logG(z, z¯) ' −c(n− 1)
6
log
(
z
1
2 (1−αψ)z¯
1
2 (1−α¯ψ)(1− zαψ )(1− z¯α¯ψ )
αψα¯ψ
)
+O((n− 1)2). (2.17)
where
αψ =
√
1− 24hψ
c
. (2.18)
Note that all information about perturbation is in αψ and z does not depend on hψ.
In the small  approximation cross-rations are given by
z ' 1 + 2pii
β+
sinh pi Lβ+
sinh pi(y+L−t−−tω)β+ sinh
pi(y−t−−tω)
β+
+O(2), (2.19)
z¯ ' 1− 2pii
β−
sinh pi Lβ−
sinh pi(y+L+t−+tω)β− sinh
pi(y+t−+tω)
β−
+O(2). (2.20)
So cross-ratios depend on β+ and β− respectively but otherwise nothing else has changed
compared to β− = β+ case.
Since four point function above is approximated with a multi valued function, so we have
to be careful when we use these cross-rations in equation (2.15) and pick the correct branch
of the logarithm [30,31] (also see [14]). It is convenient to split the problem into three cases.
• Early time: 0 < t− + tω < y.
• Intermediate time: y < t− + tω < y + L.
• Late time: y + L < t− + tω.
For antiholomorphic coordinates in all cases we have that z¯ are close to 1 and do not
contribute to the ∆SA. On the other hand, imaginary part of z changes the sign in the
intermediate time region. In order to obtain non-negative entanglement entropy and be
consistent with causality we pick z → e2pii in the intermediate time and z → 1 in the early
and late times.
Therefore, entanglement entropy is given by
∆SA =

0 , when t− + tω < y or t− + tω > y + L,
c
6
log
β+pi sinpiαψαψ
sinh
pi(y + L− t− − tω)
β+
sinh
pi(t− + tω − y)
β+
sinh
piL
β+
 otherwise .
(2.21)
This result can be interpreted as two localized lumps of energy moving in the opposite
directions. The lump describing holomorphic mode moves from insertion point at x = 0 to
x = y at early time. Then at intermediate time it passes region A, so we have a non-trivial
contribution to entanglement entropy and then at late time the lump of energy leaves the
region A, so ∆SA = 0. On the other hand, antiholomorphic mode moves in the opposite
direction and never passes through region A. So it is expected that ∆SA does not depend on
β−. Note that if we consider negative y and L then only antiholomorphic mode contributes,
therefore ∆SA does not depend on β+.
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2.3.2 Right boundary
B
y y + LAψ
ψ 0σn
σnσ˜n
σ˜n
β+
2
−tω
τ
x
Figure 2: Entanglement region B on the right boundary and operator insertion points on the
left boundary depicted on the thermal cylinder.
Calculation for region B on the right boundary is similar. This time twist operators are
inserted in the CFTR (see Figure 2) so we must add iβ+/2 or iβ−/2 to the holomorphic or
antiholomorphic coordinates respectively. So the insertion points are
x1 = −i, x5 = y + L+ iβ+
2
− t+ − tω, x6 = y + iβ+
2
− t+ − tω, x4 = +i
x¯1 = +i, x¯5 = y + L− iβ−
2
+ t+ + tω, x¯6 = y − iβ−
2
+ t+ + tω, x¯4 = −i .
(2.22)
Cross ratios are
z = z5 ' 1− 2pii
β+
sinh pi Lβ+
cosh pi(y−t+−tω)β+ cosh
pi(y+L−t+−tω)
β+
+O(2) , (2.23)
z¯ = z¯5 ' 1 + 2pii
β−
sinh pi Lβ−
cosh pi(y+t++tω)β− cosh
pi(y+L+t++tω)
β−
+O(2) . (2.24)
Note that this time imaginary part does not flip sign for any time. Hence (z, z¯)→ (1, 1) ∀t+.
In this case entanglement entropy of region B stays thermal to leading order in  and
SB ' c
6
log
[
β+β−
pi22UV
sinh
(
piL
β+
)
sinh
(
piL
β−
)]
. (2.25)
Again, this is something that we expect from physical considerations. Perturbation is in-
serted in the CFTL. However, the region of entanglement is in the CFTR. Since both CFTs
do not interact with each other, we expect that entanglement entropy is unchanged at this
order in .
2.3.3 SA∪B
Finally, to find mutual information, we need to calculate SA∪B and it involves calculating
the 6-point function
tr ρnA∪B =
〈ψ(x1, x¯1)σn(x2, x¯2)σ˜n(x3, x¯3)σn(x5, x¯5)σ˜n(x6, x¯6)ψ†(x4, x¯4)〉(〈ψ(x1, x¯1)ψ†(x4, x¯4)〉C1)n . (2.26)
with operator insertion points
x1 = −i, x2 = y − t− − tω, x3 = y + L− t− − tω, x4 = +i
x¯1 = +i, x¯2 = y + t− + tω, x¯3 = y + L+ t− + tω, x¯4 = −i
x5 = y + L+
iβ+
2
− t+ − tω, x6 = y + iβ+
2
− t+ − tω,
x¯5 = y + L− iβ−
2
+ t+ + tω, x¯6 = y − iβ−
2
+ t+ + tω . (2.27)
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After mapping to the plane with exponential map (2.9) and another transformation to
map insertion points to the four standard points
z(w) =
(w1 − w)(w3 − w4)
(w1 − w3)(w − w4) , (2.28)
we obtain the following 6-point function
〈ψ|σn(z, z¯)σ˜n(1, 1)σn(z5, z¯5)σ˜n(z6, z¯6)|ψ〉 . (2.29)
There are two ways in which we can expand 6-point function in terms of 4-point functions.
S-channel
〈ψ|σn(z, z¯)σ˜n(1, 1)σn(z5, z¯5)σ˜n(z6, z¯6)|ψ〉
=
∑
α
〈ψ|σn(z, z¯)σ˜n(1, 1)|α〉 〈α|σn(z5, z¯5)σ˜n(z6, z¯6)|ψ〉 (2.30)
and T -channel
〈ψ|σn(z, z¯)σ˜n(1, 1)σn(z5, z¯5)σ˜n(z6, z¯6)|ψ〉
=
∑
α
〈ψ|σn(z, z¯)σ˜n(z6, z¯6)|α〉 〈α|σn(z5, z¯5)σ˜n(1, 1)|ψ〉 . (2.31)
These channels in the CFT correspond to the two ways geodesic can wrap around the black
hole horizon [30]. So to compute entanglement entropy we need to minimize over both
channels.
For S-channel, we can write an operator product expansion (OPE) of twist operators
σn(z, z¯)σ˜n(1, 1) ∼ I+O ((z − 1)r) r ∈ N. (2.32)
The dominant contribution in the OPE expansion comes from identity operator. We will
ignore all higher order terms. Then summation over |α〉 reduces to state |ψ〉 due to orthog-
onality of 2-point functions∑
α
〈ψ|σn(z, z¯)σ˜n(1, 1)|α〉 〈α| ' 〈ψ|σn(z, z¯)σ˜n(1, 1)|ψ〉 〈ψ| . (2.33)
The first 4-pt function in equation (2.30) is the same as in SA while the second is the same
as in SB . Hence, mutual information IA:B = SA + SB − SA∪B vanishes in S-channel.
For T -channel, the state |ψ〉 again yields the dominant term of the eigen-function ex-
pansion of 6-point function. Thus, equation (2.31) reduces to the product of two 4-point
functions
〈ψ|σn(z5, z¯5)σ˜n(1, 1)|ψ〉 = G(z5, z¯5), (2.34)
〈ψ|σn(z, z¯)σ˜n(z6, z¯6)|ψ〉 = |1− z˜2|4Hσ |z2 − z6|−4HσG(z˜2, ¯˜z2), (2.35)
but the cross-ratios are not the same as in S-channel:
z5 = 1− 2pii
β+
cosh pi(t−−t+)β+
sinh pi(y+L−t−−tω)β+ cosh
pi(y+L−t+−tω)
β+
+O(2), (2.36)
z¯5 = 1 +
2pii
β−
cosh pi(t−−t+)β−
sinh pi(y+L+t−+tω)β− cosh
pi(y+L+t++tω)
β−
+O(2), (2.37)
z˜2 = 1 +
2pii
β+
cosh pi(t−−t+)β+
sinh pi(y−t−−tω)β+ cosh
pi(y−t+−tω)
β+
+O(2), (2.38)
˜¯z2 = 1− 2pii
β−
cosh pi(t−−t+)β−
sinh pi(y+t−+tω)β− cosh
pi(y+t++tω)
β−
+O(2). (2.39)
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As before, we need to check monodromies when we use cross-ratios in equation (2.17).
All antiholomorphic cross rations tend to 1 which we expect because antiholomorphic modes
move to the opposite direction and they never reach entanglement region. On the other hand,
holomorphic cross ratios are z5 ' e−2pii for t− + tω > y + L and z˜2 ' e2pii for t− + tω > y.
Just like for SA and SB , in this case SA∪B has a thermal piece that comes from mapping
cylinder to the plane and the contribution coming from perturbation. The thermal part
depends on both β+ and β− but the effect of perturbation depends only on β+. Let us also
introduce notation ∆t = t− − t+.
SA∪B ' c
3
log
∣∣∣∣ β+β−pi22UV cosh
(
pi∆t
β+
)
cosh
(
pi∆t
β−
)∣∣∣∣ when t− + tω < y, (2.40)
SA∪B ' c
3
log
∣∣∣∣ β+β−pi22UV cosh
(
pi∆t
β+
)
cosh
(
pi∆t
β−
)∣∣∣∣
+
c
6
log
β+
pi
sinpiαψ
αψ
sinh pi(t−+tw−y)β+ cosh
pi(t++tw−y)
β+
cosh pi∆tβ+
 when y < t− + tω < y + L,
(2.41)
SA∪B ' c
3
log
∣∣∣∣ β+β−pi22UV cosh
(
pi∆t
β+
)
cosh
(
pi∆t
β−
)∣∣∣∣
+
c
3
log
(
β+
pi
sinpiαψ
αψ
)
+
c
6
log
(
sinh pi(t−+tω−y)β+ cosh
pi(t++tω−y)
β+
cosh pi∆tβ+
)
+
c
6
log
(
sinh pi(t−+tω−y−L)β+ cosh
pi(t++tω−y−L)
β+
cosh pi∆tβ+
)
when t− + tω > y + L, (2.42)
2.4 Mutual information and scrambling time
We can find mutual information IA:B = SA + SB − SA∪B . At early times t− + tω it is given
by
IA:B =
c
3
log
sinh piLβ+ sinh
piL
β−
cosh pi∆tβ+ cosh
pi∆t
β+
. (2.43)
In the region (y, y + L) mutual information evolves as
IA:B ' I0A:B +
c
6
log
 sinh pi(y+L−t−−tω)β+ cosh pi∆tβ+
cosh pi(t++tw−y)β+ sinh
pi L
β+
 . (2.44)
It is notable that equation (2.44) is independent of the conformal dimension hψ.
In the late time regime t− + tω > y + L > y the mutual information equals
IA:B ' I0A:B −
c
3
log
(
β+
pi
sinpiαψ
αψ
)
− c
6
log
 sinh pi(t−+tω−y)β+ cosh pi(t++tω−y)β+
cosh pi∆tβ+
sinh pi(t−+tω−y−L)β+ cosh
pi(t++tω−y−L)
β+
cosh pi∆tβ+
 .
(2.45)
Scrambling time was also investigated [6] where shock-wave geometry in the BTZ back-
ground was considered. The authors found mutual information and the time scale when it
vanishes which they define to be the scrambling time.
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To compare our model with theirs we inserted our perturbation at time −tω in the past
and we will evaluate mutual information at t− = t+ = 0 (∆t = 0). Then we can find time
dependence of mutual information IA:B(tω) and the scrambling time t
?
ω is defined by
IA:B(t
?
ω) = 0. (2.46)
.
When calculating scrambling time we are interested in long term behaviour of the system,
so we will focus on the case t− + tω > y + L > y. Then equation (2.46) has the following
exact4 solution
T = A2 cosh
2piL
β+
+
1
2
sinh2
2piL
β+
+
√(
A2 cosh
2piL
β+
+
1
2
sinh2
2piL
β+
)2
−A4, (2.47)
where
A =
2piαψ sinh
piL
β+
sinh piLβ−
β+ sin(piαψ)
, (2.48)
T = sinh2
2pi(t?w − y)
β+
. (2.49)
In the limit t?ω  β+ we can approximate hyperbolic functions with exponentials. Then
scrambling time is given by
t?ω = y +
L
2
− β+
2pi
log
(
β+
pi
sinpiαψ
αψ
)
+
β+
2pi
log
(
4 sinh
piL
β+
sinh
piL
β−
)
. (2.50)
We can see from (2.50) that given two black holes with the same Hawking temperature,
scrambling time in the rotating BTZ is longer than in the static BTZ where the dominant
term in scrambling time scales with β instead of β+. Yet, we should recall our previous
comment that in the CFT this is caused by the relative placement of entanglement region
and the point where perturbation is inserted.
3 Bulk results
3.1 Free falling particle in the rotating BTZ
Having calculated the scrambling time in the CFT, we can now calculate it in its holographic
dual, rotating BTZ black hole described by the following metric
ds2 = − (r
2 − r2+)(r2 − r2−)
R2r2
dt2 +
R2r2
(r2 − r2+)(r2 − r2−)
dr2 + r2
(
dφ− r+r−
Rr2
dt
)2
, (3.1)
where R is the radius of AdS3, r± are radii the outer and inner event horizons.
In the semiclassical approximation we can model the effect of local quench by adding a
massive particle to the bulk spacetime. In general, back-reaction of the particle with mass
m on the metric is difficult to compute because it requires solving full Einstein’s equations.
However, in three dimensions general relativity has no local degrees of freedom, so it is
possible to compute back-reaction by mapping [32] metric of eternal BTZ to global AdS3
coordinates (ρ, τ, ϕ)
ds2 = −(ρ2 +R2)dτ2 + R
2
ρ2 +R2
dr2 + ρ2dϕ2. (3.2)
Back-reaction of particle located at the origin of AdS (ρ = 0) is known
ds2 = −(ρ2 +R2 − µ)dτ2 + R
2
ρ2 +R2 − µdρ
2 + ρ2dϕ2. (3.3)
4It is exact only at this step. We have made some approximations before such as small .
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where µ = 8GR2m is just a rescaled mass of a particle. Depending on the value of µ, this
geometry describes conical defect or BTZ black hole.
According to Ryu-Takayanagi proposal [3, 4], holographic entanglement entropy is pro-
portional to the length of geodesic between two points on the boundary of the BTZ space-
time. The length between two boundary points in (3.3) was computed in [33] and gives rise
to the following entanglement entropy5
SA =
c
6
log
[
2r
(1)
∞ · r(2)∞
R2
cos (|∆τ∞|a)− cos (|∆ϕ∞|a)
a2
]
, (3.4)
where a ≡ √1− µR2 = αψ carries the information about the perturbation, as in the CFT
discussion, ∆τ∞ = τ
(2)
∞ − τ (1)∞ and ∆ϕ∞ = ϕ(2)∞ − ϕ(1)∞ satisfies 0 < |∆ϕ∞| < pi.
So our goal in this section will be to find the positions of boundary points in global AdS
and use them to calculate entanglement entropy which exactly matches the CFT result as
we will see later in this section. Thus mutual information and scrambling time must agree
as well.
In order to find the positions of boundary points, we first need to consider initial con-
ditions of a massive particle and use it to find a map between BTZ coordinates and the
back-reacted geometry in global AdS3 coordinates.
3.1.1 Initial conditions
The perturbation in the boundary CFT did not carry any angular momentum, so we should
make sure that the free falling particle has no angular momentum either. Conserved quan-
tities in asymptotically AdS space were considered in [34]. The expression for the angular
momentum conserved charge is
L ≡ gµν(∂ϕ)µz˙ν(τ) = dT
dτ
[
gtϕ + gϕϕ
dΦ
dt
]
, (3.5)
where trajectory of the particle is zµ(τ) = (T (τ), R(τ),Φ(τ)) and τ is the proper time. So
L = 0 corresponds to
dΦ
dt
= − gtϕ
gϕϕ
=
r−r+
Rr2
. (3.6)
Similarly, the energy of the particle is
E ≡ −gµν(∂t)µz˙ν(τ) = −dT
dτ
[
gtt + gtϕ
dΦ
dt
]
. (3.7)
In particular, the energy of zero angular momentum particle in the rotating BTZ background
is
E = − gtt√
−
[
gtt + gϕϕ
(
dΦ
dt
)2
+ gtϕ
dΦ
dt
] = √−gtt. (3.8)
In the second equality the last two terms in the denominator cancel because of the equation
(3.6). Hence, the energy of the particle located at r = Rε is
E|r=R/ε = mR
ε
√(
1− r
2
+ε
2
R2
)(
1− r
2−ε2
R2
)
. (3.9)
Note that to leading order the energy is the same as in non-rotating BTZ and matches the
energy of local quench in the field theory ECFT =
2h
 if massive particle is initially placed
at r = Rε and its mass is m =
2h
R .
5In order to compare CFT and bulk results easier, we will write holographic entanglement entropy in terms
of boundary central charge c which is related to radius of AdS3 via
c
6
= R
4GN
.
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3.1.2 Boosts
BTZ metric (3.1) is usually given in terms of dimensionful time t. In order to compare bulk
results to the CFT we will switch to dimensionless time t− = tR (or similarly t+ in the
other asymptotic region). Motivated by calculation above and in particular equation (3.6)
we choose initial condition for the particle to be
r(−tω) = R
ε
, φ(−tω) = 0, (3.10)
r˙(−tω) = 0, φ˙(−tω) = r−r+ε
2
R2
, t˙− = 1. (3.11)
In order to find how particle back-reacts on the geometry we first map a moving particle in
the rotating BTZ to a static particle in AdS3. In the non-rotating BTZ case [14] we were able
to write down the action for a free falling particle and solve the Euler-Lagrange equations
explicitly in both Schwarzschild and Kruskal coordinates. The technical reason why it
worked was that we could choose φ = 0 at all times. On the other hand, the time evolution
of φ is more complicated in the rotating BTZ due to frame dragging effect. Therefore,
following the same strategy and explicitly finding the geodesic in Kruskal coordinates would
not work. Instead we will try to work in the AdS3 embedding coordinates.
The map between embedding coordinates and BTZ coordinates is
X0 = ±
√
B(r) sinh t˜,
X1 =
√
A(r) cosh φ˜,
X2 =
√
A(r) sinh φ˜,
X3 = ±
√
B(r) cosh t˜,
(3.12)
where + and − signs are for left and right asymptotic regions respectively. Functions A and
B are
A(r) = R2
r2 − r2−
r2+ − r2−
,
B(r) = R2
r2 − r2+
r2+ − r2−
,
(3.13)
and co-rotating coordinates are given by
φ˜ =
r+φ
R
+
r−(t± + tω)
R
, (3.14)
t˜ =
r+(t± + tω)
R
+
r−φ
R
. (3.15)
Note that we have already shifted time in the co-rotating coordinates by −tω which is
equivalent to applying boost in X0 −X3 plane as was done in [14].
Now we can write initial conditions in the embedding coordinates
X0(0) = 0, X˙0(0) =
√
B(Rε−1) ˙˜t,
X1(0) =
√
A(Rε−1), X˙1(0) = 0,
X2(0) = 0, X˙2(0) =
√
A(Rε−1) ˙˜φ,
X3(0) =
√
B(Rε−1), X˙3(0) = 0.
(3.16)
Compare it to initial conditions of particle in AdS3
6
X0(0) = 0, X
′
0(0) = R,
X1(0) = R, X
′
1(0) = 0,
X2(0) = 0, X
′
2(0) = 0,
X3(0) = 0, X
′
3(0) = 0.
(3.17)
6Note different time coordinate τ in global AdS3 coordinates, hence different notation for the derivative.
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We can read off the required boosts from equations (3.16)–(3.17). First, we need a boost
in X1 −X3 plane with
coshλ2 =
√
A(Rε−1) ' R√
r2+ − r2−ε
, sinhλ2 =
√
B(Rε−1) ' R√
r2+ − r2−ε
. (3.18)
Hence,
tanhλ2 =
√
R2 − r2+ε2
R2 − r2−ε2
=
√√√√1− r2+ε2R2
1− r2−ε2R2
=
√
1− r
2
+ − r2−
R2
ε2 +O(ε2) ≈
√
1− κr+ε2, (3.19)
where κ is the surface gravity
κ =
r2+ − r2−
R2r+
. (3.20)
We also need a boost in X0 −X2 plane to account for time derivatives in (3.16).
tanhλ3 = cothλ2
r+φ˙+ r−t˙−
r+t˙− + r−φ˙
=
r−
r+
+O(ε). (3.21)
It will also be useful to find
coshλ3 =
r+√
r2+ − r2−
. (3.22)
Note that non-zero but small φ˙ does not affect boost λ3 at this order. However, pertur-
bation in the CFT with a spin would contribute to λ3 at leading order.
3.2 Back-reaction map for rotating BTZ
We will again apply equation (3.4) to find the lengths of geodesics. Therefore, we need to
map the endpoints of entanglement interval to global AdS coordinates. For our purposes it
is enough to find the leading order terms even though the map that maps moving particle
to the origin of AdS3 can be written explicitly. We will compare Schwarzschild and global
coordinates via R2,2 embedding coordinates.√
R2 + ρ2 sin τ = X0 coshλ3 −X2 sinhλ2,√
R2 + ρ2 cos τ = X1 coshλ2 −X3 sinhλ2,
ρ sinϕ = X2 coshλ3 −X0 sinhλ3,
ρ cosϕ = X3 coshλ2 −X1 sinhλ2.
(3.23)
We can substitute embedding coordinates in (3.23) from (3.12). Note that functions from
equation (3.13) satisfy A(r) ' B(r) at the boundary, so coshλ2 ' sinhλ2.
tanϕ =
sinh φ˜ coshλ3 ∓ sinh t˜ sinhλ3
± cosh t˜ coshλ2 − cosh φ˜ sinhλ2
' −coshλ3
coshλ2
sinh φ˜∓ tanhλ3 sinh t˜
cosh φ˜∓ cosh t˜ . (3.24)
Similarly,
tan τ ' coshλ3
coshλ2
· ± sinh t˜− tanhλ3 sinh φ˜
cosh φ˜∓ cosh t˜ . (3.25)
We can obtain the radial coordinate by squaring last two equations in (3.23)
ρ2 ' A2(r)
([
coshλ2(cosh φ˜− cosh t˜)
]2
+
[
coshλ3(sinh φ˜− tanhλ3 sinh t˜)
]2)
. (3.26)
This sum is dominated7 by the first term as coshλ2  coshλ3. So
ρ ' A(r) coshλ2
∣∣∣cosh φ˜− cosh t˜∣∣∣ . (3.27)
7This breaks down in the extremal limit. We will not consider this case here because more approximations
break down, e.g. stringy corrections become important [35] as well.
12
3.3 Geodesic lengths
3.3.1 Geodesic on the left boundary
As discussed at the beginning of this section, we need to find the positions of endpoints in
back-reacted global AdS3 coordinates. In particular, we need to determine ρ
(1)ρ(2), ∆τ and
∆ϕ using the map (3.27), (3.25) and (3.24) given endpoints (t−, r∞, L1) = (t−, Rz−1∞ , L1)
and (t−, r∞, L2) in rotating BTZ coordinates. Let us also denote the length of the interval
by L = L2 − L1.
The radial coordinates (3.27) satisfy
ρ(1)ρ(2) ' R2 β−β+
4z2∞
cosh2 λ2|D1D2|, (3.28)
where
Di = cosh φ˜i − cosh t˜i, (3.29)
and co-rotating coordinates are as before
φ˜i =
r+Li + r−(t− + tω)
R
, (3.30)
t˜i =
r+(t− + tω) + r−Li
R
. (3.31)
Similarly, we can write expressions for τ and ϕ coordinates
tan τ (i) ' coshλ3
coshλ2
sinh t˜i − tanhλ3 sinh φ˜i
Di
, (3.32)
tanϕ(i) ' −coshλ3
coshλ2
sinh φ˜i − tanhλ3 sinh t˜i
Di
. (3.33)
Given tan τ and tanϕ we can find τ and ϕ. However, their values depend on whether
φ˜i > t˜i. We have three cases to consider: early time 0 < t + tω < L1, intermediate time
L1 < t+ tω < L2 and late time L2 < t+ tω.
Early time. In this case boundary points are
τ (i) ' coshλ3
coshλ2
sinh t˜i − tanhλ3 sinh φ˜i
Di
, (3.34)
ϕ(i) ' pi − coshλ3
coshλ2
sinh φ˜i − tanhλ3 sinh t˜i
Di
. (3.35)
|∆τ | ' coshλ3
coshλ2
1
D1D2
∣∣D1(sinh t˜2 − tanhλ3 sinh φ˜2)−D2(sinh t˜1 − tanhλ3 sinh φ˜1)∣∣,
(3.36)
|∆ϕ| ' coshλ3
coshλ2
1
D1D2
∣∣D1(sinh φ˜2 − tanhλ3 sinh t˜2)−D2(sinh φ˜1 − tanhλ3 sinh t˜1)∣∣.
(3.37)
We now use the following identity
D1D2(|∆ϕ|2 − |∆τ |2) = 2cosh
2 λ3
cosh2 λ2
(1− tanh2 λ3)
[
cosh(φ˜2 − φ˜1)− cosh(t˜2 − t˜1)
]
(3.38)
= 4
cosh2 λ3
cosh2 λ2
(1− tanh2 λ3) sinh φ˜2 − φ˜1 + t˜2 − t˜1
2
sinh
φ˜2 − φ˜1 − t˜2 + t˜1
2
,
(3.39)
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or alternatively
D1D2(|∆ϕ|2 − |∆τ |2) = 4
cosh2 λ2
sinh
piL
β−
sinh
piL
β+
. (3.40)
The length of the geodesic connecting boundary points is
Lγ ' log
[
2ρ(1)ρ(2)
R2
cos (a|∆τ |)− cos (a|∆ϕ|)
a2
]
' log
[
ρ(1)ρ(2)
R2
(|∆ϕ|2 − |∆τ |2)
]
(3.41)
' log
[
β−β+
pi2z2∞
sinh
piL
β−
sinh
piL
β+
]
. (3.42)
This reproduces thermal entanglement entropy answer
SA =
c
6
log
[
β−β+
pi2z2∞
sinh
piL
β−
sinh
piL
β+
]
. (3.43)
Late time. Just as in non-rotating BTZ, the points in this case are different but differ-
ences between the points are the same as in early time case
τ (i) ' pi − coshλ3
coshλ2
sinh t˜i − tanhλ3 sinh φ˜i
|Di| , (3.44)
ϕ(i) ' coshλ3
coshλ2
sinh φ˜i − tanhλ3 sinh t˜i
|Di| . (3.45)
Hence, entanglement entropy is thermal
SA = Sthermal =
c
6
log
[
β−β+
pi2z2∞
sinh
piL
β−
sinh
piL
β+
]
. (3.46)
Intermediate time. In this case, the boundary points are
τ (1) ' pi − coshλ3
coshλ2
sinh t˜1 − tanhλ3 sinh φ˜1
|D1| , (3.47)
τ (2) ' coshλ3
coshλ2
sinh t˜2 − tanhλ3 sinh φ˜2
D2
, (3.48)
ϕ(1) ' coshλ3
coshλ2
sinh φ˜1 − tanhλ3 sinh t˜1
|D1| , (3.49)
ϕ(2) ' pi − coshλ3
coshλ2
sinh φ˜2 − tanhλ3 sinh t˜2
D2
. (3.50)
So,
|∆τ | ' pi − 1|D1|D2
[|D1|(sinh t˜2 − tanhλ3 sinh φ˜2) +D2(sinh t˜1 − tanhλ3 sinh φ˜1)], (3.51)
|∆ϕ| ' pi − 1|D1|D2
[|D1|(sinh φ˜2 − tanhλ3 sinh t˜2) +D2(sinh φ˜1 − tanhλ3 sinh t˜1)]. (3.52)
We can simplify hyperbolic functions to
|D1|D2(|∆ϕ| − |∆τ |)
=
coshλ3
coshλ2
(1 + tanhλ3)
[
− sinh(t˜2 − t˜1) + sinh(φ˜2 − t˜1)− sinh(φ˜2 − φ˜1) + sinh(t˜2 − φ˜1)
]
= 4
coshλ3
coshλ2
(1 + tanhλ3) sinh
t˜1 − φ˜1
2
sinh
t˜2 − φ˜2
2
sinh
t˜1 + φ˜1 − t˜2 − φ˜2
2
. (3.53)
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Let us substitute the values of co-rotating coordinates
|D1|D2(|∆ϕ| − |∆τ |)
= 4
coshλ3
coshλ2
(1 + tanhλ3) sinh
pi(tω + t− − L1)
β+
sinh
pi(tω + t− − L2)
β+
sinh
pi(L1 − L2)
β−
= 4
coshλ3
coshλ2
(1 + tanhλ3) sinh
pi(tω + t− − L1)
β+
sinh
pi(L2 − tω − t−)
β+
sinh
piL
β−
. (3.54)
We can rewrite this as
δ : = |∆ϕ| − |∆τ |
=
4
|D1|D2
coshλ3
coshλ2
(1 + tanhλ3) sinh
piL
β−
sinh
piL
β+
·
sinh pi(tω+t−−L1)β+ sinh
pi(L2−tω−t−)
β+
sinh piLβ+
.
(3.55)
Now we can calculate the length of the geodesic connecting the two points
Lγ ' log
[
2ρ(1)ρ(2)
R2
cos (a|∆τ |)− cos (a|∆ϕ|)
a2
]
(3.56)
' log
[
2ρ(1)ρ(2)
R2
sinpia
a
δ
]
(3.57)
' log
[
β−β+
pi2z2∞
sinh
piL
β−
sinh
piL
β+
]
+ log
2 coshλ2 coshλ3(1 + tanhλ3) sinpia
a
sinh pi(tω+t−−L1)β+ sinh
pi(L2−tω−t−)
β+
sinh piLβ+
 . (3.58)
Note that
2 coshλ2 coshλ3(1 + tanhλ3) = 2
R

√
r2+ − r2−
r+√
r2+ − r2−
r+ + r−
r+
=
β+
pi
. (3.59)
Thus entanglement entropy is
SA = Sthermal +
c
6
log
β+pi sinpiaa
sinh
pi(tω + t− − L1)
β+
sinh
pi(L2 − tω − t−)
β+
sinh
piL
β+
 . (3.60)
So holographic entanglement entropy precisely matches the CFT result (2.21).
3.3.2 Geodesic on the right boundary
The two endpoints of the entanglement region B in the right boundary are (t+, r∞, L1) and
(t+, r∞, L2). Their radial coordinates satisfy
ρ(1)ρ(2) ' R2 β−β+
4z2∞
cosh2 λ2|D1D2|, (3.61)
where
Di = cosh φ˜i + cosh t˜i ≡ cosh
(
r+Li
R
+
r−(t+ + tω)
R
)
+ cosh
(
r+(t+ + tω)
R
+
r−Li
R
)
.
(3.62)
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The other coordinates satisfy
tan τ (i) ' −coshλ3
coshλ2
sinh t˜i + tanhλ3 sinh φ˜i
Di
, (3.63)
tanϕ(i) ' −coshλ3
coshλ2
sinh φ˜i + tanhλ3 sinh t˜i
Di
. (3.64)
On the right boundary Di > 0, so we always have
τ (i) ' pi − coshλ3
coshλ2
sinh t˜i + tanhλ3 sinh φ˜i
Di
, (3.65)
ϕ(i) ' pi − coshλ3
coshλ2
sinh φ˜i + tanhλ3 sinh t˜i
Di
. (3.66)
Calculation proceeds as in early time on the left boundary with λ3 7→ −λ3. But early time
case did not depend on λ3 anyway.
Geodesic length is
Lγ ' log
[
2ρ(1)ρ(2)
R2
cos (a|∆τ |)− cos (a|∆ϕ|)
a2
]
' log
[
ρ(1)ρ(2)
R2
(|∆ϕ|2 − |∆τ |2)
]
(3.67)
' log
[
β−β+
pi2z2∞
sinh
piL
β−
sinh
piL
β+
]
. (3.68)
This again reproduces thermal entanglement entropy answer
SB =
c
6
log
[
β−β+
pi2z2∞
sinh
piL
β−
sinh
piL
β+
]
. (3.69)
3.3.3 Geodesics across the horizon
We will repeat the calculation with points on the different boundaries. In this case geodesic
connects points (t∓, r∞, Li) (the first point is on the left boundary, the second is on the
right). Possible geodesics are shown in Figure 3. In order to find entanglement entropy,
we need to compare the lengths of geodesics across the horizon and geodesics on the same
boundary. Then entanglement entropy of SA∪B will be given by the set of geodesics with
the smaller length. This mirrors S and T -channel expansion in the CFT and ensures that
mutual information is non-negative.
BA
L1γ
L2γ
Figure 3: Spatial cross-section of BTZ. There is a competition between green geodesics across
the horizon and blue geodesics connecting end points on the same boundary.
The product of radial coordinates satisfies
ρ(1)ρ(2) ' R2 β−β+
4z2∞
cosh2 λ2|D1D2|, (3.70)
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as before but now D1 and D2 have different expressions. We will add ± superscripts to keep
track of which boundary co-rotating coordinates belong to
D1 = cosh φ˜
−
i − cosh t˜−i , (3.71)
D2 = cosh φ˜
+
i + cosh t˜
+
i . (3.72)
Points on the boundary. At early times Li > t− + tω points on the left boundary
satisfy
τ (1) ' coshλ3
coshλ2
sinh t˜−i − tanhλ3 sinh φ˜−i
D1
, (3.73)
ϕ(1) ' pi − coshλ3
coshλ2
sinh φ˜−i − tanhλ3 sinh t˜−i
D1
. (3.74)
whereas at late times
τ (1) ' pi − coshλ3
coshλ2
sinh t˜−i − tanhλ3 sinh φ˜−i
D1
, (3.75)
ϕ(1) ' coshλ3
coshλ2
sinh φ˜−i − tanhλ3 sinh t˜−i
D1
. (3.76)
Similarly, coordinates boundary points on the right are always
τ (2) ' − coshλ3
coshλ2
sinh t˜+i + tanhλ3 sinh φ˜
+
i
D2
, (3.77)
ϕ(2) ' pi − coshλ3
coshλ2
sinh φ˜+i + tanhλ3 sinh t˜
+
i
D2
. (3.78)
Early time. At early times t− + tω < Li we have
|∆τ | = |τ (1) − τ (2)| ' 1
D1D2
coshλ3
coshλ2
∣∣∣D2(sinh t˜−i − tanhλ3 sinh φ˜−i ) +D1(sinh t˜+i + tanhλ3 sinh φ˜+i )∣∣∣ ,
|∆ϕ| = |ϕ(1) − ϕ(2)| ' 1
D1D2
coshλ3
coshλ2
∣∣∣D2(sinh φ˜−i − tanhλ3 sinh t˜−i )−D1(sinh φ˜+i + tanhλ3 sinh t˜+i )∣∣∣ .
(3.79)
We now use the following identity
D1D2(|∆ϕ|2 − |∆τ |2) = 2cosh
2 λ3
cosh2 λ2
(1− tanh2 λ3)
[
cosh(φ˜−i − φ˜+i ) + cosh(t˜−i − t˜+i )
]
(3.80)
=
4
cosh2 λ2
cosh
φ˜−i − φ˜+i + t˜−i − t˜+i
2
cosh
φ˜−i − φ˜+i − t˜−i + t˜+i
2
.
(3.81)
Let ∆t = t− − t+, then
D1D2(|∆ϕ|2 − |∆τ |2) = 4
cosh2 λ2
sinh
pi∆t
β−
sinh
pi∆t
β+
. (3.82)
Plugging this into the geodesic length equation (3.4), we obtain that at early times
SA∪B =
c
6
log
[
β−β+
pi2z2∞
cosh
pi∆t
β−
cosh
pi∆t
β+
]
. (3.83)
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Late time. In the late time regime t− + tω > Li we have
|∆τ | = |τ (1) − τ (2)| ' pi − 1|D1|D2
coshλ3
coshλ2
∣∣∣D2(sinh t˜−i − tanhλ3 sinh φ˜−i )− |D1|(sinh t˜+i + tanhλ3 sinh φ˜+i )∣∣∣ ,
|∆ϕ| = |ϕ(1) − ϕ(2)| ' pi − 1|D1|D2
coshλ3
coshλ2
∣∣∣D2(sinh φ˜−i − tanhλ3 sinh t˜−i ) + |D1|(sinh φ˜+i + tanhλ3 sinh t˜+i )∣∣∣ .
(3.84)
As in the non-rotating case, |∆τ | and |∆ϕ| are close to each other, so we define δ =
|∆ϕ| − |∆τ |. Then
|D1|D2(|∆ϕ| − |∆τ) (3.85)
= 2
coshλ3
coshλ2
(1 + tanhλ3)
[
sinh(t˜−i − t˜+i ) + sinh(t˜−i − φ˜+i )− sinh(φ˜−i − φ˜+i )− sinh(φ˜−i − t˜+i )
]
(3.86)
= 4
coshλ3
coshλ2
(1 + tanhλ3) cosh
t˜−i + φ˜
−
i − t˜+i − φ˜+i
2
cosh
t˜+i − φ˜+i
2
sinh
t˜−i − φ˜−i
2
.
(3.87)
|D1|D2(|∆ϕ|−|∆τ) = 4coshλ3
coshλ2
(1+tanhλ3) cosh
pi∆t
β−
cosh
pi(t+ + tω − Li)
β+
sinh
pi(t− + tω − Li)
β+
.
(3.88)
Therefore, the lengths of geodesics are
L1γ ' log
β−β+ cosh pi∆tβ− cosh pi∆tβ+
pi2z2∞
β+
pi
sinpia
a
sinh pi(t−+tω−L1)β+ cosh
pi(t++tω−L1)
β+
cosh pi∆tβ+
 , (3.89)
L2γ ' log
β−β+ cosh pi∆tβ− cosh pi∆tβ+
pi2z2∞
β+
pi
sinpia
a
sinh pi(t−+tω−L2)β+ cosh
pi(t++tω−L2)
β+
cosh pi∆tβ+
 . (3.90)
Finally, the entanglement entropy is given by Ryu-Takayanagi formula
SA∪B ' min
{
c
6
(
L1γ + L
2
γ
)
,
SA + SB .
(3.91)
which matches with the CFT result.
Intermediate time. As in [14], the intermediate time case is a combination of early
and late times cases. The lengths of each geodesic are,
L1γ ' log
β−β+
pi2z2∞
cosh
pi∆t
β−
cosh
pi∆t
β+
β+
pi
sinpia
a
sinh pi(t−+tω−L1)β+ cosh
pi(t++tω−L1)
β+
cosh pi∆tβ+
 , (3.92)
L2γ ' log
[
β−β+
pi2z2∞
cosh
pi∆t
β−
cosh
pi∆t
β+
]
. (3.93)
All holographic entanglement entropies in the rotating BTZ case exactly match their
CFT equivalents, so bulk mutual information and the scrambling time will also match the
CFT result (2.50).
4 Summary
In this paper we discussed a massive free-falling particle in the rotating BTZ background.
We calculated particle’s back-reaction on the geometry and used it to find entanglement
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entropy and scrambling time. We compared our results with the CFT calculation and found
perfect matching.
One of the possible future directions would be to consider how particle with a spin
back-reacts on BTZ geometry.
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